In this paper, we have provided a matrix Hamiltonian model for honeycomb lattices and subsequently obtained the dispersion relation. Furthermore, we have constructed the operator for the given non-Hermitian Hamiltonian model. The quadratic surfaces are sketched and the quantum Brachistochrone problem is discussed for the given honeycomb lattice model.
Introduction
Graphene is one of the most remarkable "new" materials whose band structure presents no gap energy. Geim and Novoselov were the first to discover how to isolate graphene experimentally [1, 2] . Electrons in graphene appear to be in motion as massless relativistic particles which lead to a higher electronic mobility at room temperature. The Schrödinger equation, which is often used in condensed matter physics, is unable to explain some unusual properties of graphene due to its crystal structure [3] . Charge carriers in graphene are relativistic particles. The tunneling through a barrier in graphene is described by the Klein tunneling, i.e. Klein paradox [4] . Graphene is formed by a repetitive honeycomb lattice in which carbon atoms bond covalently with their neighbors. Elec-trons leap from atom to atom in graphene's honeycomb lattice and it provides low-energy electronic excitations [5] . This new material is not super-conducting, however it acquires super-conducting properties. It is pointed out that the superconductivity and relativity may meet in a monolayer of graphene [6] . The importance of graphene also casts light on the symmetry of the optics in complex honeycomb photonic lattices [7] . Symmetry breaking has been experimentally observed in non-Hermitian structures [8] [9] [10] .
symmetry [11] and the properties of non-Hermitian Hamiltonians for graphene are studied in [7, [12] [13] [14] [15] [16] .
symmetry is sufficient to guarantee that the spectrum of Hamiltonian is real and positive and that the time evolution is unitary.
symmetry is generated by the product of the parity and time reversal operators which are , correspondingly. The parity operator is linear and has the effect of changing the sign of the position and momentum operators = − , = − . The time reversal operator is anti-linear and has the ef- [17] . It can be shown that the inner product with respect to conjugation satisfies the requirements to have a Hilbert space with a positive norm which leads to a consistency in quantum mechanics. Because the quasi-particles are discussed within the two dimensional Dirac equation, the imaginary vector potential is added to the momentum operator through some physical models may be worth studying [18] [19] [20] . Moreover, the recent studies can be found on the Dirac equation with an imaginary vector potential in [21] [22] [23] [24] [25] . On the other hand, topological insulators, which are relatives of graphene, have attracted much attention because of their unique properties such as behaving as an insulator in its interior while its surface has conducting states [26] [27] [28] . Also, in two and three dimensions, non-Hermitian quantum systems admitting a topological insulator phase are presented in [29] . In [30] , the edge states are investigated for non-Hermitian systems supporting real bulk energies within the context of SU(1,1) and SO(3,2) Lie groups. Localized quantum states in graphene and their time evolution are given in [31] . Moreover, the problem of finding the time-optimal path for the evolution of a pure quantum state which is quantum Brachistochrone problem is the analogy of the so-called Brachistochrone problems in classical mechanics. Deriving optimal time using a Bloch sphere can be found in [32] . The reader may look at [33] for the work on the spin 1 particles. Brachistochrone problem in symmetric quantum mechanics was extended by Bender, Brody, Jones and Meister [34] . It was shown that if the Hamiltonian is non-Hermitian but PTsymmetric in the evolution operator, the passage time can be made arbitrarily small by varying a parameter in this Hamiltonian while keeping the transition frequency between two states constant [34] . The recent developments in this area can be found in [35] [36] [37] [38] . In this study, we have introduced a two dimensional non-Hermitian Hamiltonian model which may be a candidate for the honeycomb lattices and we have searched the symmetry of this system which has not been studied yet, to our knowledge.
Honeycomb model
Some special Hamiltonian models for the graphene honeycomb lattices are studied in [12] . A general 2 × 2 nonHermitian Hamiltonian model may be introduced as
where µ θ α T ∆ are real parameters and ∆ may be considered as a detuning parameter [12] , is the coupling constant. The terms α T may correspond to the gain/loss of the wave-guide while the gain/loss was given by γ in [12] . It is argued that ∆ and α T can be the mass of a relativistic fermion and imaginary mass correspondingly [12] . symmetry properties of the system as given above was discussed in [12] . The eigenvalues of (1) can be found as
which is also called as the dispersion relation of the optical honeycomb lattices [12] . Hence, the real spectrum is guaranteed if
The group velocity can be written as where θ is taken as one of the component of the wavevector [12] . Using ω = E + − E − , we obtain
The Hamiltonian H is also written in terms of the identity operator, Pauli matrices and the unit vector n,
where n = 2 ω ( cos θ sin θ α T ). The parity operator can be given as = 0 1 1 0
Hence H is symmetric. The operator can be obtained with the aid of commutation relations which are given by
Thus, if we solve these three equations (8), we may obtain as
The Hermitian equivalent of (6) can be found by = ηHη −1 where η = P:
where
Here, we note that the condition given below must be satisfied for the Hermiticity of the Hermitian equivalent Hamiltonian = ηHη (12) and we can use (12) in the simplification of and . Using a further simplification sin δ = α T sin θ, then, we may give and η in the form :
and
In [34] , the authors have given the initial and final quantum states in Hilbert space and argued that in the case of constant eigenvalue differences, which is between the largest and smallest values, the Hamiltonian transformed in the least time. The least time τ has a non-zero lower bound for Hermitian Hamiltonians and τ may have an arbitrarily small value for non-Hermitian symmetric Hamiltonians. The symmetric version of the evolution equation is given in [34] . Now, we may write the initial and final states as:
If we use |F = − H |I , we obtain the transformation of the states. In non-Hermitian quantum mechanics, we can use the Hermitian equivalent Hamiltonian in the relation of the time evolution operator (τ 0) = − τ where τ is the passage time. On the other hand, we can obtain the evolution as
The time which is necessary to transform the initial state |I is shown to be:
In the same way, the passage time is the shortest time to generate the evolution [34] . There is a wormhole analogy drawn in [34] such that the distance between two spacetime points can be made small if they are connected by a wormhole. 
Conclusion
We have studied a two dimensional non-Hermitian matrix Hamiltonian model for the honeycomb lattices and hence obtained the operator and Hermitian equivalent of the non-Hermitian model Hamiltonian. symmetry of the system leads to real energies which may cause some effects on the Dirac regions shown in Figures 1-4 . In Figures 1-3-4 one can see the Dirac region for ∆ = 0, the Figure 2 represents the case ∆ = 0 such that the gap between the two bands becomes larger. We have seen that if the parameter takes on larger values, the Dirac region turns into a hyperboloid form. In [12] , it is shown that when an imaginary mass is different from zero, then, the dispersion relation is complex and these complex eigenvalues in the vicinity of the Dirac points are sketched as hyperbolic or ellipsoid Dirac regions according to the contribution of imaginary or real parts of the eigenvalues. In our study, we have obtained real eigenvalues even if we take the imaginary mass to be different from zero. In figure 5(c) we have shown that the group velocity of a wave packet, at points where the group velocity is infinitely large when energy of an evolving packet approaches zero, leads too small transport time T . The graph of transport time can be seen in figure 5(a) . The authors [27, 28] state that the singularity in a transport time graph appears because of the finite width in the space of the electron. It is pointed out in [27, 28] that group velocity relevance to the tachyonic dispersion becomes infinitely large at a critical ≈ 0 . Our critical θ threshold which is a cusp like singularity can be seen in figure 5(c) . In figure 5(b) one can see the passage time (given by (17) ) for the evolving wave-packets in time. The passage time (which is minimal) and the group velocity have the same singularities because they depend on the inverse of the energy. The passage time is obtained via the evolution of the wave packets using the quantum Brachistochrone problem. We have given the passage time which is obtained earlier [34] for the evolution of the wave-function.
